This paper concerns the displacement potential formulation to study the post-impact influence of an aircushioning layer on the two-dimensional impact of a liquid half-space by a rigid body. The liquid and air are both ideal and incompressible and attention is focussed on cases when the density ratio between the air and liquid is small. In particular, the correction to classical Wagner theory is analysed in detail for the impact of circular cylinders and wedges.
Introduction
This paper describes some models for air-cushioning when a two-dimensional rigid impactor penetrates an incompressible liquid half-space. The impact is violent enough that the air can be modelled as an inviscid fluid, and the timescale is long enough that air compressibility can be neglected. Thus our theory complements that of Purvis & Smith (2004) , who considered a lubrication theory model for the cushioning layer, building on the work of Smith et al. (2003) , who described the influence of a lubricating air layer prior to impact. Similar pre-impact analysis is performed by Hicks & Purvis (2010) and Duchemin & Josserand (2011) who considered axisymmetric and three-dimensional geometries, Vanden-Broeck & Smith (2008) who included surface tension and who discussed a compressible air model. These studies are supported by experimental investigations by, among others, Xu et al. (2005) , Driscoll & Nagel (2011 ), de Ruiter et al. (2012 and Kolinski et al. (2012) .
The basic cushioning model is set up and nondimensionalised in Section 2 to reveal the key parameters as the deadrise angle, ε, between the impactor and the half-space and the air-liquid density ratio, ρ. When both ε ≪ 1 and λ = ρ/ε 1, the lowest-order asymptotic structure is that of the well-known Wagner theory, as described by Wagner (1932) , Armand & Cointe (1987) and Howison et al. (1991) , except that the pressure is no longer constant at the air-liquid interface. However, it is only when λ ≪ 1 that explicit expressions can be found for the liquid and gas flows, and in particular for the location of the so-called 'turnover regions' that form the roots of the splash jets. In this latter limit, the air flow responds to the liquid dynamics everywhere in the cushioning region.
As in Moore et al. (2012) , even when λ = O(1), the coupled air-liquid model is most conveniently written in terms of the displacement potential in the liquid, as first used for impact problems by Korobkin (1988) .
In Section 3, we restrict our considerations to impacts where λ is small. In particular, we look at parabolic impactors, which are susceptible to a fairly complete analysis when both λ and ε are small. We also show how the cushioning model can be matched to the global air motion that is generated when a circular cylinder impacts a liquid half-space.
In Section 4, we consider the famous case of symmetric wedge impact, where the geometric simplicity allows a global similarity solution to exist in the air and in the liquid. Unfortunately, the geometry c Institute of Mathematics and its Applications 2012; all rights reserved.
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M. R. MOORE et al. is such that the relevant far-field conditions are unclear unless λ is small, but we are able to make some conjectures about this.
The model
We consider the effects of a cushioning air layer when a shallow, rigid impactor enters a liquid halfspace that lies in y * < 0; here and hereafter, an asterisk indicates a dimensional variable. At time t * = 0, the impactor is assumed to be touching the liquid half-space, with air filling the region not occupied by the body or the liquid. We impulsively move the body so that at times t * > 0 its position is given by
where L is a characteristic penetration depth, V 0 > 0 is the impact speed and (x * , y * ) are Cartesian coordinates centred at the initial touch point. The function f , which will be taken to be even for simplicity, is such that f (0) = 0 and f increases as |x * | increases. The parameter ε is a measure of the shallowness of the impactor and is called the deadrise angle. In much of this paper we will consider profiles in which the deadrise angle is small. As in Wagner theory, we assume that the liquid is incompressible, inviscid and initially quiescent, with density ρ l . For times t * > 0, the impactor penetrates the liquid, causing the free surface to be violently disturbed. Two splash jets are assumed to form along the sides of the impactor. We denote the free surface by y * = h * (x * ,t * ): as in the classical theory, this is multivalued for t * > 0 and we denote the two turnover points where ∂ h * /∂ x * is unbounded by x * = ±d * (t * ). For the sake of analysis in the air region, it is important to consider the components of the free surface above the turnover point (i.e. the jet), denoted by y * = f (εx * /L) − (V 0 /L)t * − h * + , and the free surface below the turnover point (i.e. bounding the bulk of the liquid), denoted by y * = h * − , separately. The wetted extent of the impactor is defined as that between the two jet tips, which we denote by x * = ±c * (t * ).
We assume that the air is incompressible and inviscid with density ρ a . Throughout, we will neglect the influence of gravity and surface tension. For a discussion of whether these assumptions are reasonable, the reader is directed to Howison et al. (2005) . The problem configurations for t * = 0 and t * > 0 are illustrated in Figure 1 .
Henceforth, we shall use lower-case letters to denote variables in the liquid and upper-case letters to denote variables in the air. In both the liquid and the air, the flow is irrotational with potentials φ * , Φ * respectively satisfying
where ∇ is the gradient operator. We must demand that there is no flow through the impactor in both regions, so that we require
where ∂ /∂ n * represents the normal derivative to the free surface and v n,b is the outward normal speed of the impactor.
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Inviscid water, ρ w
Inviscid air, ρ a
Free surface multivalued; splash jets formed
A symmetric, rigid-body impact with the inclusion of an inviscid air-cushioning layer.
On the multivalued free surface, the kinematic conditions in the air and the liquid are given by
where v n,h is the outward normal speed of the boundary. Moreover, in the absence of viscosity and surface tension, the dynamic boundary condition is given by
where p * (x * , y * ,t * ), P * (x * , y * ,t * ) are the pressures in the liquid and air respectively, which are related to the velocity potentials via
Initially, we assume that
With hindsight, in the far-field, we assume that the velocity potential in the liquid is no more singular than a point source and therefore that in order for global conservation of mass to be satisfied in the leading-order problem, we require the free surface displacement from its initial position to be integrable. However, the precise far-field conditions depend on the shape of the impactor and these will be discussed in the next section.
Nondimensionalisation
We nondimensionalise distances using a typical penetration depth L , velocities using the impact speed respectively. Nondimensional variables are indicated with a prime. The dimensionless body profile is given by
Hence, the equations of motion are given by:
where the kinematic conditions on the body are
where f ′ (·) indicates differentiation with respect to argument. The kinematic conditions on the free surface are given by 12) while the dynamic boundary condition is
where ρ = ρ a /ρ l is the density ratio and
The initial conditions remain
In the far-field, we make the apparently conservative assumption that the liquid and air flows are no stronger than sources with unknown strengths Q 1 , Q 2 respectively, so that
where we expect the o(1) terms to represent dipoles. Furthermore,
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Proposed asymptotic structure for small-deadrise impact with the inclusion of a cushioning air layer.
Asymptotic structure
We now propose the asymptotic structure illustrated in Figure 2 for the small deadrise angle regime where 0 < ε ≪ 1. We assume in our analysis that the density ratio, ρ, is also small.
Under these conditions, we expect that the free surface turns over in a small jet-root region (the turnover region) of size of O(ε) × O(ε) on the body, as in the zero-cushioning situation. The liquid is ejected from this region into a slender jet on the body of extent of O(1/ε) and thickness of O(ε). At leading order, the main body of the liquid does not see the jet and acts as if it were being loaded by an expanding plate of the extent of the distance between the turnover points, which is of O(1/ε).
On a horizontal lengthscale of O(1/ε) and vertical lengthscale of O(1), the air layer is sandwiched between the free surface of the liquid region and the jet/body, as well as filling the cavity in the jet-root region.
We discuss the scalings in the turnover and jet regions in Appendix A. These are important in fully determining the leading-order problem, and we highlight the relevant points when they are required.
Leading-order problem
In the liquid region, we apply Wagner's idea and model the bulk of the impact as an expanding flat plate moving normal to the free surface of the liquid, as in Howison et al. (1991) . We make the scalings
In the air region, the near flatness of the impactor means that there is an order of magnitude difference between horizontal and vertical lengthscales. The corresponding scales are given by
Under these scalings, the dynamic boundary condition on the lower free surface is given by 
The problem is closed by (2.21), as described in the text.
where λ = ρ/ε. This key parameter is a measure of the relative importance of the density difference between the air and liquid, and the flatness of the body profile characterised by the deadrise angle. In the current analysis, we shall assume that λ O(1), but in order for the air pressure to enter the leadingorder problem, we are also forced to assume that ε ≪ λ . We will find that λ plays a critical role in determining the value of the coefficients of the sources in (2.17)-(2.18). Under the above scalings, the leading-order problem for the velocity potential in the liquid linearises into the half-space problem displayed in Figure 3 . The problem is completed by noting that the above scalings and the local scalings given in Appendix A enforce that the Wagner condition must hold, as argued in Howison et al. (1991) . Thus, we require: 21) thereby ensuring that the leading-order free surface meets the impactor at the turnover points.
Conservation of mass
We also note that, by Green's theorem
Using the symmetry of the problem and (2.21), we deduce that
Leading-order air problem
Under the assumption that the jet can be ignored in the leading-order air problem, the kinematic condition on the upper free surface simply reduces to the kinematic condition on the body and, as noted in Appendix A, the dynamic boundary condition is dominated by the jet pressure to leading order. In the air layer it is easier to work with the velocity components in the x-andŷ-directions, denoted by U (x,ŷ,t) and V (x,ŷ,t) respectively. Here, by symmetry, we need only consider the air layer for x > d(t).
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Under the above scalings, the leading-order problem is given by the scaled Euler equations
The kinematic condition on the body is given by,
while on the free surface it is given by
The dynamic boundary condition is
If we expand in powers of ε 2 , it is simple to deduce that to leading-order
where a subscript zero denotes a leading-order variable. Thus, from (2.23),
Moreover, we can integrate the O(ε 2 ) terms in (2.25) across the air layer and apply (2.27)-(2.28) to deduce the usual squeeze-film conservation equation
In Appendix A, we show that U must be bounded as x → d(t). In particular, we deduce that
U(d(t),t) =ḋ(t).
(2.33) Therefore, the air flow is governed by (2.31)-(2.32) subject to (2.21), (2.33) and the far-field condition, which we discuss in more detail in §2.3.4. 
Leading-order liquid problem
As in Korobkin (1988) , it is convenient to define the leading-order displacement potential in the liquid by
Using the leading-order form of Bernoulli's equation as shown in Figure 4 , we see that
The dynamic boundary condition and (2.31) give
Therefore, if we write
where the functions of integration in the first equation have been chosen to meet the conditions that Ψ = ∂Ψ /∂ t = 0 at t = 0. Note that, by the symmetry of the problem, the function F(x,t) is odd in x.
Hence, under the transformation (2.34), the leading-order liquid problem transforms to that shown in Figure 4 , where we have written z = x + iy. Note that ∂Ψ /∂ y is continuous at the turnover points by the Wagner condition (2.21). Solving this Riemann-Hilbert problem, we deduce that
where ϒ = Ψ + iχ and χ is the harmonic conjugate to Ψ . This solution automatically satisfies the Wagner condition (2.21) while the consistency condition
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We can evaluate this solution as
where the dash indicates that the integral is defined in the Cauchy principal value sense. Note that (2.35) ensures that h → 0 as x → ∞ and that if λ = 0, this is simply the Wagner solution for h. Equation (2.35) allows us to determine the leading-order location of the turnover point, d(t) in terms of the air pressure gradient. We can make the change of variables ζ = d sin θ in the first integral and ζ = d cosh ψ in the second integral of (2.35) to deduce that
where we have used the fact that f (x) is even.
Summary
Thus, definingQ
(t), our air-cushioning model for the unknowns h, F, U, d,Q 1 comprises:
together with the boundary condition
and the far-field conditions that
We expect the solution of this system to differ from that of the full model by O(ε) as ε → 0, except in the turnover regions. As in the uncushioned case, new expansions are needed in these regions, in which
as described in detail in Appendix A. It transpires that, as long as ρ ≪ 1, the liquid flow in these regions is unaffected by the air flow to lowest order, and that the air moves with the uniform velocity (2.42) in the x-direction.
Solutions for λ ≪ 1
We now consider impacts where the effect of the air-cushioning layer is small, that is λ ≪ 1. We can proceed to terms of O(λ ) under the assumption that ε ≪ λ ≪ 1; if λ = O(ε) as ε → 0, the air cushioning enters the second-order problem described in Oliver (2007), a distinguished limit we shall not pursue here.
Therefore, we seek a small-λ perturbation of the system (2.37)-(2.41) of the form
as λ → 0. We also writē
as λ → 0. We observe immediately that (2.37) reduces to the Wagner solution
where, from (2.41), d 0 (t) is given by the classical Wagner formula
Therefore, by (2.38),
The function F 0 (x,t) can then be determined in principle from the leading-order form of (2.39). We note that, once we know F 0 (x,t), from (2.40) we can simply write down that the O(λ ) correction to position of the turnover region as
where here a prime indicates differentiation with respect to argument. Note that the denominator can be simplified using (3.2) as
Parabolic impactors
Analytic progress is possible when the impactor is given by
Then, (3.1) and (3.2) can be trivially integrated to find well-known Wagner solution for parabolic impact, given by
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Utilising these expressions, the horizontal component of air velocity can be found from (3.3) to be
This result is independent of λ as long as ε ≪ λ ≪ 1 and it is consistent with (2.42). Using (3.8) in (2.18) gives Q 20 = 2π. Thus, as we let x → ∞ and move out of the small deadrise region, the velocity potential in the air must have a logarithmic singularity. In contrast, the air pressure does not have this logarithmic behaviour at infinity; we can use (3.8) and (2.31) to show that
Furthermore, the leading-order velocity potential in the liquid has no such source term in the far-field. Upon integrating (3.8) we deduce that
which is strictly positive for all x > d 0 (t). We can now work out the correction to the turnover point location by utilising (3.4), which gives
Therefore, even though the correction to the turnover point location places it further from the initial point of impact, the turnover point speed remains the same as that for uncushioned impact. In order to determineQ 10 , we require the correction to the Wagner free surface. From (2.37), we find that
The leading-order solution in the Wagner region presented here does not describe the flow when t = O(λ 2 ) as λ → 0, there then being a nonuniformity in the expansion of d. Unfortunately, when we rescale for small times by writing
we retrieve (2.37)-(2.41) with λ = 1. In general this system must be tackled numerically.
Implication for circular cylinder impacts
Consider the impact of the circular cylinder with cross-section given in dimensional variables by
where R is the radius of the circle, which we assume is large compared to the penetration depth, L. We wish to consider the outer air flow caused by the penetration of the circle into the liquid on the penetration timescale of L/V 0 , where L/R ≪ 1. On this scale, the free surface of the liquid is seen as flat to leading order in the air. Thus, if we set
we consider perturbations to the air motion on the scale of the radius of the circle, so that
and perturbations to the liquid motion on the scale of the penetration depth,
Therefore, using a subscript zero to indicate a leading order variable, the flow in the air is given by the Neumann problem
Now, if we also assume λ ≪ 1, then to leading order in λ , the flow in the liquid is unaffected by the air flow and is thus the dipole flow that is the far-field of the solution of the problem in Figure 3 . In this flow, P is of O(1) and hence the boundary condition p ∼ λ P on Y = 0 is automatically satisfied to leading order in ε.
We note that a solution of (3.15)-(3.17) must satisfy
so that any solution to this outer air problem automatically matches with the Wagner solution described in §3.1. As in the classical theory of cushioning between rigid impactors described in, for example, Jeffery (1912) and Czaykowski (1970) , we can set 
and we require Φ ′ 0 to only grow logarithmically as η → ∞. Note that, due to the symmetry of the problem, we can simply consider η > 0 with the condition that
We can solve the problem in the strip by using the appropriate Green's function. We deduce that
However, we can deduce the far-field flow from the fact that as 24) and therefore
where we can determine F(η) by applying conservation of mass. A simple application of Green's theorem gives us that 0 = 1 0 2ξ 2 η 3 + dF dη dξ + 2η 1 + η 2 as η → ∞, so that upon integrating and expanding, we must have
Hence we see that Φ ′ 0 has the desired far-field behaviour.
Impact of a wedge
We now consider the infinite wedge given in dimensional coordinates by
As there is no natural lengthscale in the wedge impact problem, we can find a similarity form of (2.37)-(2.41) by scaling
here α, the speed of the turnover point, has been introduced for convenience. Under this transformation and omitting the algebraic manipulation in (2.39), we find
Henceforth, we drop the dagger notation indicating the similarity variables. In the regime where λ ≪ 1, we can use (4.1) and (4.4) to deduce that the leading-order (in λ ) free surface profile and leading-order position of the turnover point are given by the well-known wedge-entry problem results
In the far-field, this has the characteristic Wagner behaviour
(4.7)
We can integrate (4.2) to deduce that
Hence, the tangential component of air velocity now has the expansion (4.9) so that in the example of a wedge, we were not conservative enough in our far-field expansion in the air. We must in fact include a rigid-body motion as well as the source-like singularity. Note also that now Q 2 = π to leading-order. Moreover, the air pressure also has a logarithmic singularity in the far field. This suggests that the leading-order form of the dynamic boundary condition, which is given by
breaks down as η → ∞. Thus we must match this solution with an outer region where the dynamic boundary condition is rescaled. We will discuss this shortly. We can calculate P 0 (η) and F 0 (η) from (2.31) and (4.3) respectively. There is not a simple closed form for either, but we can solve for them numerically. We plot the results in Figure 5 . Furthermore, we There is a logarithmic singularity in the pressure in the far-field, so that the pressure becomes negative and infinite as η → ∞. As a result of this singularity, F 0 (η) is a strictly negative function.
can use (4.4) to solve for the O(λ ) correction to the turnover point location by noting that
We can evaluate this numerically and we find that α 1 = −0.403 to three significant figures. In contrast to the parabola impact, the turnover point speed is lower than the Wagner turnover point speed.
It is simple to substitute (4.9) into (4.3) to show that (4.10) so that upon substituting into the O(λ ) form of (4.1), we see that
where
Therefore there is a nonuniformity in h as we move far away from the point of impact. The form of h 1 suggests that the asymptotic analysis of (4.1)-(4.5) may need to be reconsidered when log
and that in such a region h will contain terms involving η λ . As the nonuniformity occurs when log η = O(1/λ ), by definition this corresponds to a nonuniformity both for large x when t = O(1) and for small t when x = O(1).
Conclusion
We have used Wagner theory to derive a model for air-cushioning in constant-velocity, two-dimensional impacts into a half-space of ideal liquid. Under the assumption that the air is also ideal, we have employed the displacement potential to write down the local model for impact under the assumption that the impactor is nearly flat, that is the deadrise angle, ε, of the impactor is small. The local turnover flow is the same as that for Wagner theory provided that the density ratio, ρ, between the air and liquid is small, which enables us to solve the resulting inner problem in the air and use the Wagner condition for the free surface in the leading-order displacement potential problem. This has enabled us to deduce the integro-differential system in §2.3.4 for the leading-order free surface profile, leading-order x-component of velocity in the air and a function, F, which depends upon the leading-order pressure gradient in the air. Our model assumed that the parameter λ = ρ/ε is at most order unity and that the free surface is integrable.
In order to make analytic progress on the resulting system, we considered the physically-relevant liquid-air regime where λ is small. To leading-order, the solution is simply that given by the wellknown Wagner theory. We derived a general expression for the correction to the turnover point location due to the influence of the air layer and a conservation-of-mass analysis forced us to conclude that the velocity potential in the liquid must admit a logarithmic term in the far-field, something that is not seen in Wagner theory. We proceeded to consider two specific examples of impact to highlight the novelties of the solution.
Firstly, we discussed the impact of a circular cylinder, which is approximated locally by a parabola. We derived the leading-order air velocity and the function F, which enabled us to state the first-order correction to the free surface profile and the correction to the turnover point location. While the speed of the turnover point remained unchanged from its value in Wagner theory, the turnover point is displaced slightly further from the initial point of impact. This indicated that the model breaks down for small times where t = O(λ 2 ) when we must solve the full integro-differential system (provided that ε ≪ λ 2 ). We noted that the leading-order velocity potential in the air must have a source-like singularity in the far-field and thus the parabola model also breaks down at large distances away from the point of impact, where the deadrise angle is no longer small and the impactor is circular. In this regime, the air flow around the cylinder is driven by a logarithmic singularity at the point where the circle touches the free surface, so that this is the outer flow to which we needed to match our Wagner-type solution.
The second example we considered was that of symmetric wedge impact. In this case, our system of integro-differential equations is in similarity form with only one independent variable and the leadingorder forms of the air velocity and the function F were readily derived from the Wagner solution. We noted that for the wedge, the function F was strictly negative, as opposed to being strictly positive as in the case of the parabola. Due to this, the turnover speed was found to be slower than that for Wagner theory. In the far-field, we noted that there was both a rigid-body term and a logarithmic term in the expansion of the air velocity potential. Moreover, a nonuniformity was found in the form of a (/x 2 ) log x term in the far-field expansion of the free surface.
We conclude by mentioning that the displacement potential formulation could be applied to the pretouchdown flow when the air gap is nonzero for all x. This may be useful in numerical simulations of this problem as considered, for example, by Smith et al. (2003) and Purvis & Smith (2004) . 
